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Abstract. In this research work, the solution of forward and inverse problems of 

displacements for the 6R manipulator with a serial structure is investigated. The algebraic 

method of dual quaternions is employed as the operator of spatial transformations. 

Furthermore, due to the introduction of intermediate angles which are linear combinations 

of real angles of rotation in revolute kinematic pairs, the contour equations are greatly 

simplified, and this makes it possible to express the equations in an implicit form. The total 

number of these equations is 16: the first six equations are linear with respect to the 

unknown sins and cosines of intermediate angles; the following eight equations express 

obvious trigonometric dependences - equality to the unit of the sum of squares of 

unknowns; the last two nonlinear equations express additional connections between 

unknowns. 
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1. Introduction. 

    Several numbers of research work about the kinematical study of both serial and 

platform type manipulators are explored. In the article [8], using dual quaternions 

as the operator of the spatial operator and the orientation of a rigid body, the 

equations of displacement of a manipulator with an open chain 6R are compiled. In 

[7], quaternions are applied to the kinematic analysis of complex spatial 

mechanisms, brief remarks are made on the Kotelnikov transfer principle. By 

introducing intermediate angles, the contour equations are greatly simplified. 

Collins, C. L., and McCarthy, J. M studied workspace and singular configurations 

on a parallel structure RPR manipulator where they used a quaternion 

mathematical apparatus [3]. In the article [9] Martines et al. presented quaternion 

operators to describe orientation, angular velocities, and accelerations in the 

spherical motion of a rigid body. Dai, S. J gave a historical overview of the 

development of the theory of rigid body displacement to determine the final 

rotation by means of Rodriguez parameters [4]. In [10] Pennestri et.al. examined 

the use of dual quaternions as a tool for determining rigid body movements using 

biomechanics. In the article [1] Banavar et.al. the synthesis and analysis of a 

spherical robot using quaternion algebra is presented. Liao, Q used dual 

quaternions to solve the inverse problem of manipulators of the 6R type [6]. In the 
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article [11], Thomas F. showed that dual quaternions provide an efficient and 

concise way to combine the translational and rotational motion of a rigid body in 

space in one mathematical apparatus. The use of double quaternions is seen as a 

breakthrough in modern robotics theory.In paper [14] Zhou W, et al. propose a new 

kinematic analysis algorithm for the Stewart platform with six degrees of freedom 

based on the dual quaternion. The forward kinematic algorithms for the 6-6R and 

6-2RP3R manipulators can be expressed as a unified mathematical model. In the 

article [13] by the authors XiaoLong Yang  et al., the main task is to develop an 

effective method for solving the direct problem of the kinematics of robots of 

parallel structures with six degrees of freedom. An efficient algorithm for deriving 

equations and their solution is proposed. The new algorithm was compared with 

the solution using Newton's method, resulting in a time cost of 0.2187 ms and 

14.25 ms, respectively. According to the authors, the examples demonstrate the 

effectiveness of the proposed method. Chelnokov's article [2] considers the 

problem of bringing a coordinate system associated with a body to a reference 

system moving relative to a fixed coordinate system with a given instantaneous 

speed of the propeller. Biquaternion kinematic equations of motion of a rigid body 

using normalized and non-normalized dual quaternions are used as a mathematical 

model, and the projections of the screw of the instantaneous velocity of the body 

on the coordinate axes associated with the body are used as control parameters. The 

constructed theory of rigid body motion control is used to solve inverse problems 

of manipulator kinematics. Wang JY, et al. in paper [12] consider the problem of 

coordinated control of translational motion and rotary motion between two 

spacecraft. Using a dual quaternion, a dynamic model has been developed in which 

the relationship between translational and rotational motion is indicated. 

Theoretically proved the convergence of a closed system in the presence of 

external disturbances. The validity of the proposed approach is demonstrated by 

numerical simulation. In [5] Jing Li, to describe the rotational and most general 

motion of a rigid body, introduces the vector and screw of the rigid body's motion, 

respectively, and thus updates the quaternion and the dual quaternion, respectively; 

then, information about the relative position of the leading and driven rigid body is 

displayed based on the developed algorithm of helical motion. The simulation 

results show that the proposed method eliminates both the disadvantages associated 

with the separate consideration of orientation and translational motion when using 

the traditional algorithm, but also has a higher accuracy than the traditional 

algorithm. 

In this research paper, we solve the forward and inverse problems of the 6R 

manipulator by using the dual quaternions as the operator of the most general 

spatial transformation, as well as introducing intermediate angles.  

 

2. Determination of the positions of open kinematic chain. 
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It is known that investigations of displacements of manipulators are determined by 

two main methods:  

     - forward problem: displacements in kinematic pairs, the position and 

orientation of the gripper and the associated coordinate system are determined; 

     - inverse problem: determination of displacements in kinematic pairs of an open 

chain, providing the required position and orientation of a rigid body in space. 

Let's look at these problems on a serial type 6R manipulator (Fig. 1).  

 

2.1. Forward problem solution. 

        

The dual quaternion specifying the orientation and displacement of the coordinate 

system ( 𝒊𝟏, 𝒊𝟐, 𝒊𝟑)  associated with the gripper relative to the original coordinate 

system ( 𝑰𝟏, 𝑰𝟐, 𝑰𝟑 ) denoted by X: 

              

                         𝜲 = 𝛸𝑜 + 𝛸1𝒊𝟏 + 𝛸2𝒊𝟐 + 𝛸3𝒊𝟑,                                                    (1) 

 

It can be expressed by the following quaternion product: 

    

                             𝜲 = 𝜦𝟏  ⃘𝑨𝟏  ⃘𝜦𝟐  ⃘𝑨𝟐  ⃘, … , ⃘𝜦𝟔  ⃘𝑨𝟔,                                             (2) 

where, 

𝜦𝒊 = 𝑐𝑜𝑠𝛷𝑖 + 𝒊𝟑𝑠𝑖𝑛 𝛷𝑖 , (𝑖 = 1,2, … ,6) dual quaternions characterizing 

displacements (rotations) in kinematic pairs,  

𝛷𝑖 =  𝜑𝑖 + 𝛿𝜑𝑖
0, variable dual angles, 𝜑𝑖 - half values of the relative angles of 

rotation of links in rotational kinematic pairs, 𝜑𝑖
0- half constant distances in 

rotational kinematic pairs (Fig. 1);   

𝑨𝒋 =  𝑐𝑜𝑠𝐵𝑗 + 𝒊𝟐𝑠𝑖𝑛 𝐵𝑗  , (𝑗 = 1,2, … ,6)dual quaternions characterizing the 

geometry of the manipulator links,  

𝐵𝑗 = 𝑗 + 𝛿𝑗
 𝑂

, constant dual angles, 𝑗 - half values of constant angles between 

adjacent link axes,  𝑗
 𝑂

- half values of constant shortest distances between adjacent 

axes. 

 

Taking these remarks into account, quaternion multiplication (2) can also be 

expressed in the following form: 

     

   𝜲 = (𝑐𝑜𝑠𝛷1 + 𝒊𝟑𝑠𝑖𝑛 𝛷1)  ⃘ (𝑐𝑜𝑠𝐵1 + 𝒊𝟐𝑠𝑖𝑛 𝐵1)  ⃘ (𝑐𝑜𝑠𝛷2 + 𝒊𝟑𝑠𝑖𝑛 𝛷2)  ⃘(𝑐𝑜𝑠𝐵2 +

𝒊𝟐𝑠𝑖𝑛 𝐵2)  ⃘  ···  ⃘(𝑐𝑜𝑠𝛷6 + 𝒊𝟑𝑠𝑖𝑛 𝛷6)  ⃘ (𝑐𝑜𝑠𝐵6 + 𝒊𝟐𝑠𝑖𝑛 𝐵6),  

 

Thus, the direct task of determining the displacements of the manipulator is 

reduced to performing quaternion multiplication and therefore is not difficult from 

a mathematical point of view. After performing quaternion multiplication and 

equating the coefficients at the units of 1, 𝒊𝟏, 𝒊𝟐, 𝒊𝟑, we determine the components 
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of the dual quaternion Χ, which specifies the position and orientation of the rigid 

body in space.  

 

3. Solution of the inverse problem.  

 

Expressing the dual quaternion Χ defining the orientation of the coordinate system 

(𝒊𝟏, 𝒊𝟐, 𝒊𝟑) associated with the gripper relative to the original coordinate system 

( 𝑰𝟏, 𝑰𝟐, 𝑰𝟑 ) in the following way: 

 

𝜲 = 𝛸𝑜 + 𝛸1𝒊𝟏 + 𝛸2𝒊𝟐 + 𝛸3𝒊𝟑 = 

                       = (𝑥𝑜 + 𝛿𝑥0
0) + 𝒊𝟏(𝑥1 + 𝛿𝑥1

0) + 𝒊𝟐(𝑥2 + 𝛿𝑥2
0) + 𝒊𝟑(𝑥3 + 𝛿𝑥3

0) 

                   
Let us define displacements in kinematic pairs that provide a given position of a 

rigid body. We transform expression (2) to the following form: 

             

                    𝜦𝟏  ⃘𝑨𝟏  ⃘𝜦𝟐  ⃘𝑨𝟐  ⃘𝜦𝟑  ⃘𝑨𝟑 = 𝜲  ⃘�̃�𝟔°�̃�𝟔°�̃�𝟓°�̃�𝟓°�̃�𝟒°�̃�𝟒                          (3) 

 

Where �̃�𝟔, �̃�𝟔, �̃�𝟓, �̃�𝟓, �̃�𝟒, �̃�𝟒 are dual quaternions, conjugate to dual 

quaternions 𝑨𝟔,  𝜦𝟔, 𝑨𝟓, 𝜦𝟓, 𝑨𝟒, 𝜦𝟒 respectively. Quaternion products in 

expression (3) will be denoted by the following dual quaternions:  

   

                            𝜦𝟏  ⃘𝑨𝟏  ⃘𝜦𝟐  ⃘𝑨𝟐  ⃘𝜦𝟑  ⃘𝑨𝟑 = 𝑴;      �̃�𝟔°�̃�𝟔°�̃�𝟓°�̃�𝟓°�̃�𝟒°�̃�𝟒 = 𝑵      (4)          

 

Taking into account (4), expression (3) takes the following form: 

        

                            𝑴 = 𝜲  ⃘𝑵                                                    (5)      

 

We also can express the dual quaternions 𝑴 and 𝑵 by the components:                                     

𝑴 = 𝑀𝑜 + 𝑀1𝒊𝟏 + 𝑀2𝒊𝟐 + 𝑀3𝒊𝟑;    𝑵 = 𝑁 + 𝑁1𝒊𝟏 + 𝑁2𝒊𝟐 + 𝑁3𝒊𝟑 
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Figure. 1. Spatial 6R manipulator 

 

   While performing the quaternion multiplication of expressions (4), we use the 

intermediate angles described in [8]: 

 

𝛹1 = 𝛷2 + 𝛷3 +  𝛷4;     𝛹5 = 𝛷5 + 𝛷6 + 𝛷7 

 𝛹2 = 𝛷2 − 𝛷3 +  𝛷4;     𝛹6 = 𝛷5 − 𝛷6 + 𝛷7 

 𝛹3 = 𝛷2 + 𝛷3 −  𝛷4;     𝛹7 = 𝛷5 + 𝛷6 − 𝛷7 

 𝛹4 = 𝛷2 − 𝛷3 − 𝛷4;     𝛹8 = 𝛷5 − 𝛷6 − 𝛷7, 

 

There are two additional dependencies between these angles: 

 

                                       𝛹1 + 𝛹4 = 𝛹2 + 𝛹3                                (6) 

                                             𝛹5 + 𝛹8 = 𝛹6 + 𝛹7                     
 

Thus, performing the quaternion multiplication of expressions (4) and equating the 

coefficients at the vectors 1, 𝒊𝟏, 𝒊𝟐, 𝒊𝟑,, we obtain the components of the 

quaternions M и N: 

 

 𝑀𝑜 = 𝑐𝑜𝑠𝐵1𝑐𝑜𝑠𝐵2𝑐𝑜𝑠𝐵3 𝑐𝑜𝑠(𝛷1 + 𝛷2 + 𝛷3) −  𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3 𝑐𝑜𝑠(𝛷1 −
𝛷2 + 𝛷3) − 

           −𝑐𝑜𝑠𝐵1𝑠𝑖𝑛𝐵2𝑠𝑖𝑛𝐵3 𝑐𝑜𝑠(𝛷1 + 𝛷2 − 𝛷3) − 𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3 𝑐𝑜𝑠(𝛷1 −
𝛷2 − 𝛷3) ; 

𝑀1 = −𝑐𝑜𝑠𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3 𝑠𝑖𝑛(𝛷1 + 𝛷2 − 𝛷3)
− 𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑐𝑜𝑠𝐵3 𝑠𝑖𝑛(𝛷1 − 𝛷2 − 𝛷3) − 

           −𝑐𝑜𝑠𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3 𝑠𝑖𝑛(𝛷1 + 𝛷2 + 𝛷3) +  𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑠𝑖𝑛𝐵3 𝑠𝑖𝑛(𝛷1 −
𝛷2 + 𝛷3) ; 
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𝑀2 = 𝑐𝑜𝑠𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3 𝑐𝑜𝑠(𝛷1 + 𝛷2 + 𝛷3)
− 𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑠𝑖𝑛𝐵3 𝑐𝑜𝑠(𝛷1 − 𝛷2 + 𝛷3) + 

          +𝑐𝑜𝑠𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3 𝑐𝑜𝑠(𝛷1 + 𝛷2 − 𝛷3) +  𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑐𝑜𝑠𝐵3 𝑐𝑜𝑠(𝛷1 −
𝛷2 − 𝛷3); 

𝑀3 = −𝑐𝑜𝑠𝐵1𝑠𝑖𝑛𝐵2𝑠𝑖𝑛𝐵3 𝑠𝑖𝑛(𝛷1 + 𝛷2 − 𝛷3)
− 𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3 𝑠𝑖𝑛(𝛷1 − 𝛷2 − 𝛷3) + 

           +𝑐𝑜𝑠𝐵1𝑐𝑜𝑠𝐵2𝑐𝑜𝑠𝐵3 𝑠𝑖𝑛(𝛷1 + 𝛷2 + 𝛷3) −  𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3 𝑠𝑖𝑛(𝛷1 −
𝛷2 + 𝛷3). 

 

𝑁𝑜 =  𝑐𝑜𝑠𝐵6𝑐𝑜𝑠𝐵5𝑐𝑜𝑠𝐵4 𝑐𝑜𝑠(𝛷4 + 𝛷5 + 𝛷6) −  𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3 𝑐𝑜𝑠(𝛷4 −
𝛷5 + 𝛷6) −  

         −𝑐𝑜𝑠𝐵6𝑠𝑖𝑛𝐵5𝑠𝑖𝑛𝐵4 𝑐𝑜𝑠(𝛷4 + 𝛷5 − 𝛷6) − 𝑠𝑖𝑛𝐵6𝑐𝑜𝑠𝐵5𝑠𝑖𝑛𝐵4 𝑐𝑜𝑠(𝛷4 −
𝛷5 − 𝛷6) ; 

𝑁1 =   𝑐𝑜𝑠𝐵6𝑠𝑖𝑛𝐵5𝑐𝑜𝑠𝐵4 𝑠𝑖𝑛(𝛷4 − 𝛷5 + 𝛷6)
− 𝑠𝑖𝑛𝐵6𝑐𝑜𝑠𝐵5𝑐𝑜𝑠𝐵4 𝑠𝑖𝑛(𝛷4 + 𝛷5 + 𝛷6) + 

          +𝑐𝑜𝑠𝐵6𝑐𝑜𝑠𝐵5𝑠𝑖𝑛𝐵4 𝑠𝑖𝑛(𝛷4 − 𝛷5 − 𝛷6) +  𝑠𝑖𝑛𝐵6𝑠𝑖𝑛𝐵5𝑠𝑖𝑛𝐵4 𝑠𝑖𝑛(𝛷4 +
𝛷5 − 𝛷6) ; 

𝑁2 =   𝑐𝑜𝑠𝐵6𝑐𝑜𝑠𝐵5𝑠𝑖𝑛𝐵4 𝑐𝑜𝑠(𝛷4 − 𝛷5 + 𝛷6) − 𝑠𝑖𝑛𝐵6𝑠𝑖𝑛𝐵5𝑠𝑖𝑛𝐵4 𝑐𝑜𝑠(𝛷4 +
𝛷5 − 𝛷6) +                     

           +𝑐𝑜𝑠𝐵6𝑠𝑖𝑛𝐵5𝑐𝑜𝑠𝐵4 𝑐𝑜𝑠(𝛷4 + 𝛷5 − 𝛷6) +  𝑠𝑖𝑛𝐵6𝑐𝑜𝑠𝐵5𝑐𝑜𝑠𝐵4 𝑐𝑜𝑠(𝛷4 +
𝛷5 + 𝛷6)                  

𝑁3 = −𝑐𝑜𝑠𝐵6𝑠𝑖𝑛𝐵5𝑠𝑖𝑛𝐵4 𝑠𝑖𝑛(𝛷4 + 𝛷5 − 𝛷6) + 𝑠𝑖𝑛𝐵6𝑐𝑜𝑠𝐵5𝑠𝑖𝑛𝐵4 𝑠𝑖𝑛(𝛷4 −
𝛷5 − 𝛷6) +                    

          +𝑐𝑜𝑠𝐵6𝑐𝑜𝑠𝐵5𝑐𝑜𝑠𝐵4 𝑠𝑖𝑛(𝛷4 + 𝛷5 + 𝛷6) +  𝑠𝑖𝑛𝐵6𝑠𝑖𝑛𝐵5𝑐𝑜𝑠𝐵4 𝑠𝑖𝑛(𝛷4 −
𝛷5 + 𝛷6). 

 

We will accept the following designations that define the geometry of the links of 

the mechanism: 

 

𝐴111 =  𝑐𝑜𝑠𝐵1𝑐𝑜𝑠𝐵2𝑐𝑜𝑠𝐵3;  𝐴112 = 𝑐𝑜𝑠𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3; 

𝐴121 = 𝑐𝑜𝑠𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3;   𝐴122 = 𝑐𝑜𝑠𝐵1𝑠𝑖𝑛𝐵2𝑠𝑖𝑛𝐵3; 

𝐴211 = 𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑐𝑜𝑠𝐵3;   𝐴212 = 𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3 

𝐴221 = 𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3;   𝐴222 = 𝑠𝑖𝑛𝐵1𝑐𝑜𝑠𝐵2𝑠𝑖𝑛𝐵3; 
𝐵111 = 𝑐𝑜𝑠𝐵6𝑐𝑜𝑠𝐵5𝑐𝑜𝑠𝐵4;  𝐵112 = 𝑐𝑜𝑠𝐵6𝑐𝑜𝑠𝐵5𝑠𝑖𝑛𝐵4; 

𝐵121 = 𝑐𝑜𝑠𝐵6𝑠𝑖𝑛𝐵5𝑐𝑜𝑠𝐵4;   𝐵122 = 𝑐𝑜𝑠𝐵6𝑠𝑖𝑛𝐵5𝑠𝑖𝑛𝐵4; 

𝐵211 = 𝑠𝑖𝑛𝐵6𝑐𝑜𝑠𝐵5𝑐𝑜𝑠𝐵4;   𝐵212 = 𝑠𝑖𝑛𝐵6𝑐𝑜𝑠𝐵5𝑠𝑖𝑛𝐵4; 

𝐵221 = 𝑠𝑖𝑛𝐵1𝑠𝑖𝑛𝐵2𝑐𝑜𝑠𝐵3;   𝐵222 = 𝑠𝑖𝑛𝐵6𝑠𝑖𝑛𝐵5𝑠𝑖𝑛𝐵4.                                                 

 

Substituting the components of the dual quaternions 𝜲 and 𝑵 into the quaternion 

multiplication (5), performing quaternion multiplication and equating the 

components at unit vectors 1, 𝒊𝟏, 𝒊𝟐, 𝒊𝟑 we obtain four dual expressions: 

 

𝑀𝑜 = 𝛸𝑜𝑁𝑜 − 𝛸1𝑁1 − 𝛸2𝑁2 − 𝛸3𝑁3 
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                                     𝑀1 = 𝛸𝑜𝑁1 + 𝛸1𝑁0 + 𝛸2𝑁3 − 𝛸3𝑁2                                (7) 

𝑀2 = 𝛸𝑜𝑁2 − 𝛸1𝑁3 + 𝛸2𝑁0 − 𝛸3𝑁1 

  𝑀3 = 𝛸𝑜𝑁3 + 𝛸1𝑁2 − 𝛸2𝑁1 + 𝛸3𝑁0 , 

 

Taking into account the above accepted designations, we can write: 

 

𝐴111 ∙ 𝑋1 − 𝐴221 ∙ 𝑋3 − 𝐴122 ∙ 𝑋5 − 𝐴212 ∙ 𝑋7 = 

   = {𝐵111 ∙ 𝑋9 − 𝐵221 ∙ 𝑋15 − 𝐵122 ∙ 𝑋11 − 𝐵212 ∙ 𝑋13} − 

−{−𝐵121 ∙ 𝑋16 + 𝐵211 ∙ 𝑋10 − 𝐵112 ∙ 𝑋14 − 𝐵222 ∙ 𝑋12} − 

−{−𝐵121 ∙ 𝑋15 − 𝐵211 ∙ 𝑋9 − 𝐵112 ∙ 𝑋13 + 𝐵222 ∙ 𝑋11} − 

−{−𝐵111 ∙ 𝑋10 − 𝐵221 ∙ 𝑋16 + 𝐵122 ∙ 𝑋12 − 𝐵212 ∙ 𝑋14} 
 

        −𝐴121 ∙ 𝑋6 − 𝐴211 ∙ 𝑋8 − 𝐴112 ∙ 𝑋2 + 𝐴222 ∙ 𝑋4 = 

      {−𝐵121 ∙ 𝑋16 + 𝐵211 ∙ 𝑋10 − 𝐵112 ∙ 𝑋14 − 𝐵222 ∙ 𝑋12} + 

+{𝐵111 ∙ 𝑋9 − 𝐵221 ∙ 𝑋15 − 𝐵122 ∙ 𝑋11 − 𝐵212 ∙ 𝑋13} + 

+{−𝐵111 ∙ 𝑋10 − 𝐵221 ∙ 𝑋16 + 𝐵122 ∙ 𝑋12 − 𝐵212 ∙ 𝑋14} − 

−{−𝐵121 ∙ 𝑋15 − 𝐵211 ∙ 𝑋9 − 𝐵112 ∙ 𝑋13 + 𝐵222 ∙ 𝑋11} 
 

        𝐴112 ∙ 𝑋1 − 𝐴222 ∙ 𝑋3 + 𝐴121 ∙ 𝑋5 + 𝐴211 ∙ 𝑋7 = 

      {−𝐵121 ∙ 𝑋15 − 𝐵211 ∙ 𝑋9 − 𝐵112 ∙ 𝑋13 + 𝐵222 ∙ 𝑋11} −                           

−{−𝐵111 ∙ 𝑋10 − 𝐵221 ∙ 𝑋16 + 𝐵122 ∙ 𝑋12 − 𝐵212 ∙ 𝑋14} +                         (8) 

+{𝐵111 ∙ 𝑋9 − 𝐵221 ∙ 𝑋15 − 𝐵122 ∙ 𝑋11 − 𝐵212 ∙ 𝑋13} + 

+{−𝐵121 ∙ 𝑋16 + 𝐵211 ∙ 𝑋10 − 𝐵112 ∙ 𝑋14 − 𝐵222 ∙ 𝑋12} 
 

        −𝐴122 ∙ 𝑋6 − 𝐴212 ∙ 𝑋8 + 𝐴111 ∙ 𝑋2 − 𝐴221 ∙ 𝑋4 = 

      {−𝐵111 ∙ 𝑋10 − 𝐵221 ∙ 𝑋16 + 𝐵122 ∙ 𝑋12 − 𝐵212 ∙ 𝑋14} + 

+{−𝐵121 ∙ 𝑋15 − 𝐵211 ∙ 𝑋9 − 𝐵112 ∙ 𝑋13 + 𝐵222 ∙ 𝑋11} − 

−{−𝐵121 ∙ 𝑋16 + 𝐵211 ∙ 𝑋10 − 𝐵112 ∙ 𝑋14 − 𝐵222 ∙ 𝑋12} + 

+{𝐵111 ∙ 𝑋9 − 𝐵221 ∙ 𝑋15 − 𝐵122 ∙ 𝑋11 − 𝐵212 ∙ 𝑋13} 
 

where 

 

    𝐶𝑜𝑠𝛹1 = 𝑋1;  𝑆𝑖𝑛𝛹1 = 𝑋2;  𝐶𝑜𝑠 𝛹2 = 𝑋3;   𝑆𝑖𝑛 𝛹2 = 𝑋3;   

    𝐶𝑜𝑠 𝛹3 = 𝑋5; 𝑆𝑖𝑛 𝛹3 = 𝑋6; 𝐶𝑜𝑠 𝛹4 = 𝑋7;   𝑆𝑖𝑛 𝛹4 = 𝑥8;                           

    𝐶𝑜𝑠𝛹5 = 𝑋9;  𝑆𝑖𝑛𝛹5 = 𝑋10;  𝐶𝑜𝑠𝛹6 = 𝑋11; 𝑆𝑖𝑛𝛹6 = 𝑋12;  

    𝐶𝑜𝑠𝛹7 = 𝑋13; 𝑆𝑖𝑛𝛹7 = 𝑋14; 𝐶𝑜𝑠𝛹8 = 𝑋15; 𝑆𝑖𝑛𝛹8 = 𝑋16;  

 

 There is one condition between the four dual equations, which reflects the equality 

to unity of the norm of the dual quaternion: 

 

𝑀0
2 + 𝑀1

2 + 𝑀2
2 + 𝑀3

2 = 1 
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Therefore, discarding one of any equations (8), we obtain three independent dual 

equations, which will be equivalent to six real equations. These equations are linear 

with respect to the unknowns 𝑋𝑖 (i=1,2,…16), which are sins and cosines of 

intermediate angles  𝛹𝑗 (j=1,2,…,8).The following 8 equations represent the 

conditions for equality to the unit of the sum of squares: 

 

𝑥1
2 + 𝑥2

2 = 1;  𝑥3
2 + 𝑥4

2 = 1; 𝑥5
2 + 𝑥6

2 = 1; 𝑥7
2 + 𝑥8

2 = 1;                             

𝑥9
2 + 𝑥10

2 = 1; 𝑥11
2 + 𝑥12

2 = 1; 𝑥13
2 + 𝑥14

2 = 1; 𝑥15
2 + 𝑥16

2 = 1 

 

The last two equations express additional conditions (8). 

Thus, to determine 16 unknowns, there are 16 equations, the first six of which are 

linear with respect to the unknowns 𝑥𝑖 (i=1,2,...,16).After determining the 

intermediate angles 𝛹𝑗 (j=1,2,…,8), the calculation of the angles 𝜑𝑘 (k=1,2,...,6) is 

not difficult.  

 

Conclusions 

The use of dual quaternions as operators of the most general spatial transformation 

is effective not only in the kinematic analysis of spatial mechanisms with a closed 

kinematic chain, but also in the kinematic analysis of mechanisms with open 

chains. The introduction of intermediate angles makes it possible to significantly 

simplify the equations, as well as to implicitly express the dependence of the 

geometric and kinematic parameters of the 6R manipulator. 
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